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Introduction
In [MS10, Mus10] Mustaţȃ and Srinivas related a very natural open problem on ordinarity of smooth algebraic varieties after reduction to characteristic p > 0, with another open question on the connection between multiplier ideals and test ideals after reduction to characteristic p > 0.
We need some notation to state these conjectures. Let X be a scheme of finite type over a field k of characteristic zero. Choosing a suitable finitely generated Z-subalgebra A of k, we can construct a scheme X A of finite type over A such that X A ⊗ A k ∼ = X. We refer X A as a model of X over A and denote by X s the fiber of X A over a closed point s ∈ Spec A. See the paragraph just before Proposition 2.11 for more details on reducing from characteristic zero to positive characteristic. The first of the conjectures is then stated as follows.
Conjecture 1.1. (The weak ordinarity conjecture [MS10, Conjecture 1.1]) Let V be an ndimensional smooth projective variety over a field k of characteristic zero. Given a model of V over a finitely generated Z-subalgebra A of k, there exists a Zariski-dense set of closed points S ⊆ Spec A such that the action induced by Frobenius on H n (V s , O Vs ) is bijective for every s ∈ S.
Since the ordinarity of V s in the sense of [BK86] implies that the action of Frobenius on H n (V s , O Vs ) is bijective (see [MS10, Remark 5 .1]) and the converse does not hold in general (see [JR03, Example 5 .7]), we call Conjecture 1.1 as the weak ordinarity conjecture. Remark 1.2. As pointed out in [MS10, Remark 5.2], if Conjecture 1.1 holds, then we can also find a dense set of closed points S ⊆ Spec A that satisfies the condition of the conjecture for any set of finitely many varieties X (i) over k.
In order to prove Conjecture 1.1 it is sufficient to assume that k is algebraically closed. Indeed, the reduction to characteristic p > 0 process does not care differentiate between X and X × k k. Hence we assume that k is algebraically closed as necessary.
We now state a variant of the conjectured relationship between test ideals and multiplier ideals under reduction to characteristic p > 0. The difference between this conjecture and the one presented in [MS10, Mus10] is that X is not smooth and we also include a boundary Q-divisor ∆. Conjecture 1.3. (A generalization to singular X of [MS10, Conjecture 1.2]) Let X be a normal variety over a field k of characteristic zero. Suppose that ∆ is a Q-divisor on X such that K X + ∆ is Q-Cartier, and a is a nonzero ideal on X. Given a model of (X, ∆, a) over a finitely generated Z-subalgebra A of k, there exists a Zariski-dense set of closed points S ⊆ Spec A such that (1.3.1) τ (X s , ∆ s , a λ s ) = J (X, ∆, a λ ) s for all λ ∈ R ≥0 and all s ∈ S. Furthermore, if we have finitely many triples (X i , ∆ i , a i ) as above and corresponding models over A, then there is a dense subset of closed points in Spec A such that (1.3.1) holds for each of these triples.
Our first main result generalizes the main result of [MS10] . It is worth noting that we do not employ semi-stable reduction, the use of which was the key obstruction to generalizing the results of [MS10] to the case of singular varieties.
We also explore the relation between F -injective and Du Bois singularities from two different perspectives. Du Bois singularities are Hodge theoretic in origin, and were coined by Steenbrink [Ste81] based upon the work of Deligne and Du Bois [Del74, Du 81] . Roughly speaking, Du Bois singularities are the local condition on a proper variety over C that naturally guarantees that the map
is surjective for all i > 0 (see [Kov12] for additional discussion). On the other hand, a variety X in characteristic p > 0 is called F -injective if for every point x ∈ X, the Frobenius map on the local cohomology module
It is a result of the second author [Sch09] that if X has dense F -injective type 1 then X has Du Bois singularities. We point out that once Conjecture 1.1 is assumed, it easily follows from the methods of [MS10] that the converse holds as well. In fact, we even have the following: Theorem B. (Theorem 4.2) Conjecture 1.1 holds if and only if for every Du Bois scheme of finite type over a field of characteristic zero has dense F -injective type.
We also give a philosophical explanation for why F -injective and Du Bois singularities are related: they have a common definition.
In characteristic zero, this is not new. It was observed by Kovács in [Kov99] (in fact, the map (1.3.2) is always surjective by [KS11a] ). The proof of Theorem C relies on an unpublished result of O. Gabber. To explain this result, note first that the direct limit of R(π q ) * O X q over all proper hypercovers of X computes the (derived) pushforward of the sheafification of O for Voevodsky's h-topology down to the Zariski topology. Work of Deligne and Du Bois (see also [HJ13, Lee07] ), which lies at the heart of Kovács' observation mentioned above, identifies this pushforward in characteristic zero: it can be computed as the pushforward of 1 meaning its reduction to positive characteristic is F -injective for a Zariski-dense set of closed points S ⊆ Spec A. See Definition 2.12 for the detail. the structure sheaf from any fixed smooth proper hypercover of X. Gabber's result simply gives the characteristic p counterpart of this identification:
Theorem D (O. Gabber, Theorem 3.3). The h-sheafification of the structure sheaf in characteristic p coincides with its perfection, and this identification extends to cohomology. In particular, for any excellent characteristic p scheme X and any i ≥ 0, one has a natural isomorphism
Here the limit runs over all proper hypercovers π q : X q − → X, and F * denotes the pullback along the Frobenius endomorphism of X. allowing us to include it in this work. 
Preliminaries
Throughout this paper, all schemes are Noetherian and all morphisms of schemes are separated. In this language, a variety is a reduced irreducible algebraic scheme of finite type over a field.
We first recall definitions of multiplier ideals and modules. Our main reference for this is [Laz04] .
Definition 2.1 (Multiplier ideals and modules). Suppose that X is a normal variety over a field of characteristic zero. Further, suppose that ∆ is an effective Q-divisor, a is an ideal sheaf and t ≥ 0 is a real number. Let π : Y − → X be a proper birational morphism with
is invertible, and we assume that K X and K Y agree wherever π is an isomorphism.
(a) If K X + ∆ is Q-Cartier, we assume that π is a log resolution of (X, K X + ∆, a). Then we define the multiplier ideal to be Definition 2.4. Suppose that X is an algebraic variety over an F -finite field of characteristic p > 0. Further, suppose that ∆ is an effective Q-divisor, a is an ideal sheaf and t ≥ 0 is a real number. Let F e : X − → X denote the e th iteration of the absolute Frobenius morphism.
(a) We define the test ideal τ (X, ∆, a t ) to be the smallest nonzero ideal sheaf J ⊆ O X which satisfies the following condition locally. For every e ≥ 0 and every
(b) Suppose that (p e 0 − 1)∆ is Cartier for some e 0 (this is equivalent to requiring that ∆ is Q-Cartier and p does not divide the index of ∆). We define the test module τ (ω X , ∆, a t ) to be the smallest nonzero submodule J ⊆ ω X satisfying the following condition. For all positive multiples e of e 0 , we have
where T e : F e * ω X − → ω X is Grothendieck's trace map. Remark 2.5. It is also easy to define τ (ω X , ∆, a t ) when the index of ∆ is divisible by p. The above definition will be simplest for us though.
Test ideals and modules are special types of Cartier modules. Definition 2.6 (Cartier modules, [BB11] ). Recall that a Cartier module is a coherent O Xmodule M with a given map ϕ :
Note that given a Cartier module (M, ϕ :
F e * (ϕ⊗L )
and more generally maps (2.6.1)
In this way, we can construct Cartier modules (M, ϕ n ) for each integer n > 0.
Definition 2.7. Given a Cartier module (M, ϕ), we use the notation σ(M, ϕ) to denote the image ϕ n F ne * (M ⊗ L 1+p e +...+p (n−1)e ) ⊆ M for n ≫ 0. This image stabilizes by [HS77, Gab04] so it is well defined. It is the unique largest F -pure Cartier submodule of (M, ϕ). We now recall some other properties of test ideals and modules.
Lemma 2.9. With notation as above: 
Remark 2.10. By using Lemma 2.9 (ii), we can define τ (X, ∆, a t ) for non-effective ∆ as follows. Write ∆ = E − D where E is an effective Q-divisor and D is an effective Cartier divisor (locally if necessary). Then τ (X, ∆,
. This is easily seen to be independent of the decomposition ∆ = E − D.
We now recall how test ideals and modules behave under reduction to characteristic zero. We refer to the sources [MS10, Section 2.2] and [HH06] for a detailed description of the process of reduction to characteristic zero.
Let X be a scheme of finite type over a field k of characteristic zero and Z X be a closed subscheme. Choosing a suitable finitely generated Z-subalgebra A of k, we can construct a scheme X A of finite type over A and a closed subscheme Z A X A such that (Z A ֒→ X A ) ⊗ A k ∼ = Z ֒→ X. We can enlarge A by localizing at a single nonzero element and replacing X A and Z A with the corresponding open subschemes. Thus, applying the generic freeness [HH06, (2.1.4)], we may assume that X A and Z A are flat over Spec A. We refer to (X A , Z A ) as a model of (X, Z) over A. If Z is defined by an ideal sheaf a, then we denote by a A the defining ideal sheaf of Z A . If Z is a prime divisor on X, then possibly enlarging A, we may assume that Z A is a prime divisor on
Given a closed point s ∈ Spec A, we denote by
Then X s is a scheme of finite type over the residue field κ(s) of s, which is a finite field of characteristic p(s). After enlarging A if necessarily, the D i,s are prime divisors and ∆ s is a Q-divisor on X s for all closed points s ∈ Spec A. Proposition 2.11 ([HY03, ST08, Tak04]). Suppose that (X, ∆, a t ) is a triple defined over a field k of characteristic zero. Suppose A ⊆ k is a finitely generated Z-subalgebra over which (X, ∆, a t ) can be spread out to (X A , ∆ A , a t A ). Then there exists a nonempty open subset S ⊆ Spec A (over which for example a log resolution of (X A , ∆ A , a t A ) is defined) such that for every closed point s ∈ S, if K X + ∆ is Q-Cartier, then and if ∆ is Q-Cartier, then
. We define F -injective and Du Bois singularities. For a survey of Du Bois singularities with more detailed explanations, see [KS11b] .
Definition 2.12 (F -injective singularities, [Fed83] ). Let X be a scheme of characteristic p > 0. Then we say that X has F -injective singularities if for each z ∈ X, the Frobenius map
By local duality, in the case that X is F -finite, this is equivalent to requiring that
Again in the case that X is F -finite, by the above observation, it is sufficient to check only z closed points.
Suppose that X is a scheme of finite type over a field k of characteristic zero. Then we say that X has dense F -injective type if there exist a model of X over a finitely generated Z-subalgebra A of k and a Zariski-dense set of closed points S ⊆ Spec A such that X s has F -injective singularities for all s ∈ S. 
where π q : X q − → X is a smooth proper hypercover. Alternately, suppose X ⊆ T is an embedding of X into a smooth variety T , π : T − → T is a log resolution of (T, X) and E = (π −1 X) red . In this case Ω 0 X ∼ = Rπ * O E and it follows that X has Du Bois singularities if and only
We also need the following lemma on affine cones over varieties with Du Bois singularities. It is well known to experts, but we do not know a suitable reference. A related result which uses essentially the same computation is found in [Ma13, Theorem 4.4].
Lemma 2.14. Suppose that X is a projective variety over a field of characteristic zero such that X has Du Bois singularities. Let L be an ample divisor. Then for all m ≫ 0, the affine cone
has Du Bois singularities. In particular, every smooth projective variety has an affine cone with Du Bois singularities for some embedding into projective space.
Proof. Without loss of generality we may assume that L is very ample and that R(X, L) is generated in degree one. We begin by considering what happens when m = 1. Let π : Y − → Y be the blowup of the cone point with exceptional divisor E ∼ = X. Since Y is an A 1 -bundle over X, we see that Y has Du Bois singularities (cf. [Doh08, Theorem 3.9]). We have an exact triangle:
Since we want to show that O Y ∼ = Ω 0 Y , it is easy to see that it suffices to show that α :
and that α is an isomorphism in degree zero. However, since π is an isomorphism away from the origin, R i π * O Y is nonzero in only finitely many degrees. Since the formation of R i π * O Y is easily seen to be compatible with taking Veronese subrings of R(X, L), we can replace R(X, L) by R(X, mL) for m ≫ 0 and conclude that R i π * O Y lives only in degree zero. Then α is an isomorphism and this completes the proof.
We conclude by stating a key theorem from [MS10] which is the basis for our result on test ideals.
Theorem 2.15. ([MS10, Theorem 5.10]) Suppose that Conjecture 1.1 holds. Let π : X − → T be a projective morphism of schemes over k with X nonsingular, and let E be a reduced simple normal crossings divisor on X. If π A : X A − → T A and E A are models over a finitely generated Z-subalgebra A ⊆ k for π and E, respectively, then there exists a Zariski-dense set of closed points S ⊂ Spec A such that for every e ≥ 1 and every s ∈ S, the induced morphism
A result of Gabber on h-cohomology
The main content of this section was explained to us by O. Gabber, [Gab12]; we bear full responsibility for any shortcomings or errors in our exposition.
Notation 3.1. Fix a Noetherian excellent base scheme S that is an F p -scheme for a prime number p. Let Sch denote the category of S-schemes of finite type. We use the following topologies on Sch: the h-topology
, and the fppf topology ([Sta14, Tag 021L]). Recall that the Nisnevich topology is generated byétale covers with the residue field lifting property, while the cdh-topology is generated by Nisnevich covers and covers of the form X ′ ⊔ Z − → X, where Z − → X is a closed immersion, and X ′ − → X is an abstract blowup centered along Z, i.e., a proper map that is an isomorphism outside Z. We write Shv h (Sch), Shv cdh (Sch), Shv Nis (Sch) and Shv f (Sch) for the corresponding topoi. There are obvious morphisms
of topoi. The corresponding pushforward functors, at the level of sheaves as well as at the derived level, are fully faithful (as these are different topologies on the same category). Hence, we can (and will) view a cdh-sheaf as a Nisnevich sheaf satisfying the sheaf property for cdh-covers, and similarly for the other topologies. Passing to the derived level, we say that an object K ∈ D(Shv Nis (Sch)) satisfies cdh-descent if K ≃ Rψ * ψ * K via the natural map, i.e., that RΓ Nis (U, K) ≃ RΓ cdh (U, ψ * K) for any U ∈ Sch or equivalently that K lies in the essential image of the fully faithful functor D(Shv cdh (Sch)) − → D(Shv Nis (Sch)); we make similar definitions for h-descent and flat descent. Given pro-object {X i } in Sch and a sheaf F ∈ Shv Nis (Sch), we set RΓ Nis (lim i X i , F ) = colim RΓ Nis (X i , F ), and similarly for the other topologies; equivalently, we define RΓ Nis (lim X i , −) as the derived functor of F → colim F (X i ). The main case of interest is when {X i } has affine transition maps (so lim X i exists as an affine scheme), and the functor F → colim F (X i ) defines a point of one of the above topoi (so the higher derived functors vanish). For any ring R, we write R perf = colim R, where the colimit takes place over the Frobenius maps on R; this construction sheafifies to give a presheaf O perf on Sch which is an fppf (and hence Nisnevich) sheaf; we write O ∈ Shv Nis (Sch) for the structure presheaf.
Remark 3.2. Our choice of the use of the cdh-topology is largely dictated by the proof presented below: one has powerful finiteness theorems for proving descent (essentially due to Voevodsky [Voe00] , but we use [CHSW08, Theorem 3.4]), as well as an excellent description of points (which relies, at least philosophically, on Zariski's initial work on Riemann-Zariski spaces, see [GL01, §3] ). The Nisnevich topology, on the other hand, can be easily replaced by the Zariski topology in the discussion below without a serious cost: one must simply check Nisnevich descent for the relevant sheaves whilst proving cdh-descent (which is trivial: we only encounter locally quasi-coherent sheaves on Sch).
The main result we want to explain is:
for any X ∈ Sch. Lemma 3.7. Let f : Y − → X be a finite surjective morphism of affine schemes that is an isomorphism over an open U ⊂ X. Let Z = X − U , and Z ′ = f −1 (Z) be the induced closed subschemes. Then the following sequence is exact:
Proof. This follows from the previous lemma or from the fact that O perf (X) is weakly normal.
Lemma 3.8. Let f : Y − → X be a proper surjective map. Assume f is an isomorphism outside a closed subscheme Z ⊂ X, and let E = f −1 (Z) (with the induced scheme structure). Then the sequence
is a distinguished triangle.
Proof. We may assume that X is affine. It is then enough to check:
is exact. For (b), let Y − → X ′ − → X be the Stein factorisation, and let Z ′ ⊂ X ′ be the inverse image of Z. Then the sequence in (b) is identified with
as the fibres of Y − → X ′ are geometrically connected, so the exactness comes from the previous lemma. For (a), let I Z ⊂ O X and I E ⊂ O Y be the ideals cutting out Z and E respectively, so I E is the inverse image of I Z as an ideal sheaf. Write nE ⊂ Y for the closed subscheme cut out by I n E for n > 0. A corollary to the formal functions theorem (see [Gro61, Corollaire 3.3.2]) gives a constant c such that
for all n ≫ 0 and all i ≥ 0. As f is an isomorphism outside Z, the coherent O X -module
Nis (Y, I c E ) is I k Z -torsion for some k ≫ 0 and all i > 0. Using the previous isomorphism, we conclude that H i Nis (Y, I m E ) = 0 for some m ≫ 0 and all i > 0. The long exact sequence for the sequence 1
Taking perfections then proves (a).
Lemma 3.9. O perf is an h-sheaf, i.e., O perf ∈ Shv h (Sch) ⊂ Shv Nis (Sch).
Proof. We first observe that O perf is a cdh-sheaf by the lemmas above. For the rest, fix X ∈ Sch. We will prove the sheaf axiom for h-covers of X by induction on dim(X). If dim(X) = 0, by passage to reductions, we conclude using the fact that O perf is an fppf sheaf.
In general, any h-cover of X ∈ Sch can be refined by one of the form ⊔U i a − → Y b − → X where a is a Zariski cover, and b is a proper surjective generically finite morphism. As we already know Zariski descent, it suffices to show that
is exact. There is an abstract blowup X ′ − → X centered along a closed subset Z ⊂ X such that the strict transform Y ′ − → X ′ of Y − → X is flat and surjective. This gives a diagram Lemma 3.10 (Cortinas, Haesemeyer, Schlichting, Weibel). Fix K ∈ D(Shv Nis (Sch)). Assume that for an abstract blowup f : Y − → X centered along some Z ⊂ X, the sequence
is a distinguished triangle. Then K satisfies cdh-descent.
Proof. See [CHSW08, Theorem 3.4].
Lemma 3.11. The cdh-sheafification of X → H i h (X, O perf ) is 0 for i > 0. Proof. By work of Goodwillie and Lichtenbaum [GL01, Proposition 2.1 and Corollary 3.8], the rh-topology has enough points given by spectra of valuation rings, viewed as suitable pro-objects in Sch. As the cdh-topology is generated by the rh-topology as Nisnevich covers, it follows that henselian valuation rings provide enough points for the cdh-topology. In particular, it suffices to show that H i h (−, O perf ) vanishes on spectra of valuation rings for i > 0. For a valuation ring R, there is an ind-(finite flat) extension R − → S where S is a valuation ring with an algebraically closed fraction field. By flat descent for O perf -cohomology (together with the observation that Spec(S) − → Spec(R) is a cofiltered limit of h-covers), it suffices to show that RΓ h (Spec(S), O perf ) = S perf , which is clear: S is a point object for the h-topology, i.e., any h-cover Y − → S has a section (see [GL01,  
Proposition 2.2]).
Proof of Theorem 3.3. We already know O perf is an h-sheaf. To identify this h-sheaf as the hsheafification of O, it suffices to observe that the relative Frobenius morphism X − → X (1) for any X ∈ Sch, which is an h-cover, becomes an isomorphism after h-sheafification; this, in turn, follows by identifying the reduced subscheme of X × X (1) X as the diagonal X ⊂ X × X (1) X and the fact the passing to reduced subschemes is an isomorphism after h-sheafification. Hence, O perf is the h-sheafification of the structure presheaf O. The last lemma above shows Rν * O perf ≃ O perf , while cdh-descent shows Rψ * O perf ≃ O perf .
Corollary 3.12. Suppose X ∈ Sch is affine. Then
Here the limit runs over all proper hypercovers π q : X q − → X. Remark 3.13. When the base scheme S is the spectrum of a field, by de Jong's alterations theorem, the colimit in Corollary 3.12 can be taken over all proper hypercovers with each X n smooth.
Proof. By Verdier's hypercovering theorem, the left hand side is identified with RΓ h (X, O perf ). By Theorem 3.3, this is identified with RΓ Nis (X, O perf ). If X is affine, then the higher Nisnevich (or even fppf) cohomology of quasicoherent sheaves vanishes, so this complex identified with O perf (X).
Du Bois versus F -injective singularities
Our goal in this section is first to use the methods developed in [MS10] to prove a relationship between F -injective and Du Bois singularities.
Conjecture 4.1. Let X be a reduced scheme of finite type over a field of characteristic zero. Then X has Du Bois singularities if and only if X is of dense F -injective type.
Indeed, we will show that: Before proving this, we must first show that Conjecture 1.1 actually implies that Frobenius acts bijectively on all cohomology groups of the structure sheaf. We then use this to generalize Theorem 2.15. Lemma 4.3. Suppose Conjecture 1.1 holds. Let V be an n-dimensional smooth projective variety over a field k of characteristic zero. Given a model of V over a finitely generated Z-subalgebra A of k, there exists a Zariski-dense set of closed points S ⊆ Spec A such that the action induced by Frobenius on H i (V s , O Vs ) is bijective for every s ∈ S and 0 ≤ i ≤ n.
Proof. We claim that there is a finite set of varieties, such that if they simultaneously satisfy the condition of Conjecture 1.1 for some S ⊆ Spec A, then the condition of the lemma holds for V . Note that again it is harmless to assume that k is algebraically closed as in Remark 1.2. We prove this claim by strong induction on the dimension n. Let D be a smooth ample divisor on V , chosen sufficiently positive so that
is an isomorphism for all i ≤ n − 2 and an injection for i = n − 1. Since dim D = n−1, we can apply our induction hypothesis to D. It immediately follows that Frobenius acts injectively (and hence bijectively) on H i (V s , O Vs ) for i ≤ n − 1 for appropriate S and all s ∈ S. Of course, we may also certainly assume that Frobenius acts bijectively on H n (V s , O Vs ) for all s ∈ S by Remark 1.2. This completes the proof.
We now state our promised generalization of [MS10, Theorem 5.10], i.e. of Theorem 2.15. 
is surjective for every i ≥ 0.
To prove this, we follow the method of [MS10] , first proving several lemmas. Suppose that E = i∈I E i is a projective simple normal crossings variety over a field k of characteristic zero, and that we are given a model of E over a finitely generated Z-subalgebra A of k. Assuming Conjecture 1.1, there exists a Zariskidense set of closed points S ⊂ Spec A such that the Frobenius action F :
is bijective for every s ∈ S and j ≥ 0.
Proof. This is essentially taken from [MS10, Lemma 5.6]. Without loss of generality, we may assume that for all closed points s ∈ Spec A, E s is still simple normal crossings, in particular each (E i ) s is smooth and even more every intersection (E I ′ ) s := i∈I ′ (E i ) s is also smooth over k(s) for all I ′ ⊆ I. We apply Conjecture 1.1 (and Lemma 4.3) to each component of these intersections and so assume that the Frobenius action is bijective on each of their cohomology groups for some Zariski-dense set S ⊂ Spec A. Fix an arbitrary s ∈ S. We denote by n − 1 the dimension of E and form an acyclic complex
where
Note that if |I ′ | = r, then E I ′ = E i has dimension n − r since intersecting r components of E results in a scheme of dimension n − r. We put Z i = ker d i and observe that we have exact sequences compatible with Frobenius for each r ≥ 1 and j ≥ 1:
Note that Frobenius is bijective on the H j (X s , C r ) terms for any r ≥ 1 and j ≥ 0. We then perform a descending induction on r. When r = n, it is obvious that Frobenius acts bijectively on H j (X s , Z r ) for all j ≥ 0, hence the base case is taken care of. Thus the Frobenius acts bijectively on H j (X s , Z r ) for any r ≥ 1 and j ≥ 0 (say by the 5-lemma or [MS10, Lemma 2.4]). Since Z 1 = Im d 0 ∼ = O Es , we complete the proof.
Continuing to follow [MS10] we have the following.
Lemma 4.6. ([MS10, Corollary 5.7])
With notation as in Lemma 4.5, suppose that E ⊂ X is a reduced simple normal crossings divisor in a smooth projective variety X. Assuming Conjecture 1.1, there exists a Zariski-dense set of closed points S ⊂ Spec A such that
is bijective for every s ∈ S and i ≥ 0.
Proof. This immediately follows from an application of the five lemma ( Note that as observed in Remark 1.2 we may assume that k is algebraically closed. By the same argument as that of [MS10, Theorem 5 .10], we can reduce to the case where X and T are projective. We choose a sufficiently ample L on T such that each of the direct image sheaves (R i π * ω X (E)) ⊗ L is globally generated, and such that the higher cohomology
Bertini's theorem, we then choose a general section D ′ ∈ |L | so that E +π * D ′ is a reduced simple normal crossing divisor. Put E ′ = π * D ′ and observe that we have surjections
) by Serre duality and Lemma 4.6 (applied to E + E ′ ) for an appropriate Zariski-dense set of closed points S ⊆ Spec A and all s ∈ S. Of course, these maps factor through surjections:
Since we may assume that H j (T s , (R i π s * ω Xs (E s ))⊗L s ) = 0 for every closed point s ∈ Spec A and j ≥ 1, by a simple spectral sequence argument, the following maps surject for all s ∈ S:
By the global generation we claimed in characteristic zero, which is preserved on an open dense set of points in Spec A, the proof is complete.
We can now prove our theorem relating F -injective and Du Bois singularities after reduction to characteristic p > 0.
Proof of Theorem 4.2. We first show that assuming Conjecture 1.1, if Y has Du Bois singularities, then Y has dense F -injective type. Indeed, suppose that Y is a reduced scheme over k in characteristic zero with Du Bois singularities. Working locally if necessary, embed Y inside a smooth variety T and let π : X − → T be a projective log resolution of (T, Y ) with E = (π −1 Y ) red . We spread this data out to a model over a finitely generated Z-subalgebra A of k. We may restrict our attention to s ∈ Spec A such that R i π s * ω Xs = 0 for all i > 0 by Grauert-Riemenschneider vanishing [GR70] . Note that then R i π s * F e * ω Xs (E s ) → R i π s * F e * ω Es surjects for all i ≥ 0. By Theorem 4.4, there exists a Zariski-dense set of closed points S ⊆ Spec A such that (4.6.1)
surjects for all i ≥ 0 and s ∈ S. However, since Y is Du Bois, we have
Ys . This combined with the surjection of (4.6.1) implies that Y s is F -injective by local duality. Now we assume that every variety with Du Bois singularities has dense F -injective type and we prove Conjecture 1.1. Let X be a smooth projective variety over a field of characteristic zero. Fix an ample divisor B on X and consider the affine cone Y = Spec R(X, mB) for m ≫ 0. We may restrict our attention to s ∈ Spec A such that R(X, mB) s = R(X s , mB s ). Note that Y is Du Bois by Lemma 2.14. It follows by assumption that Y s is F -injective for all s in some dense set of maximal ideals S ⊆ Spec A. In particular, the Frobenius map (4.6.2)
ys (O Ys ) injects where y is the cone point. Since R(X, mB) s = R(X s , mB s ) is graded, (4.6.2) injects in degree zero. However, this is nothing but requiring that F : H n (X s , O Xs ) − → H n (X s , O Xs ) injects, and hence bijects, which is what we wanted to prove.
is a Cartier module on a scheme X. Further suppose that D is an effective Cartier divisor on X. Since D is effective, we have an induced map
is also a Cartier module. Then we use σ(M, ϕ, D) = σ(M, ϕ D ) to denote the maximal F -pure Cartier submodule of (M, ϕ D ) as in Definition 2.7.
Lemma 5.2. Suppose that X = Spec R is a normal affine variety over a field k of characteristic zero, f ∈ R is a nonzero element with D = div(f ) and a 1 ≥ 1 is an integer. Suppose also that we are given a model of (X, f ) over a finitely generated Z-subalgebra A of k. Let a 0 be the largest jumping number of J (ω X , f t ) which is less than a 1 . Then there exist finitely many smooth projective varieties X (i) over k and a nonempty open subset U ⊆ Spec A satisfying the following. If s ∈ U is a closed point and the Frobenius maps
Proof. Throughout this proof, we let p(s) denote the characteristic of the residue field k(s) of a closed point s ∈ Spec A. We fix a log resolution π : Y − → X of (X, f ) and let 
Note that the map of (5. 
By (b), we obtain that for sufficiently small ε > 0,
We now fix an arbitrary closed point s ∈ U . For all a 0 ≤ a < a 1 , we have
where the first containment follows from the universal property 2 defining τ (ω Xs , f a s ). This is the "easy" containment, see for example the argument of [Smi97] Combining (5.2.6), (5.2.5) and (5.2.4), we obtain for any a 0 ≤ a < a 1 that J (ω X , f a ) s ⊆ σ(τ (ω Xs ), Tr a 1 Ds ) ⊆ τ (ω Xs , f a s ) ⊆ J (ω X , f a ) s which completes the proof of the lemma. Now we come to the theorem from the introduction. Proof. It is proved by [Mus10] that if Conjecture 1.3 holds, then Conjecture 1.1 holds as well, so we consider the converse. We recall the setup of Conjecture 1.3. Let X be a normal variety over a field k of characteristic zero. Suppose that ∆ is a Q-divisor on X such that K X + ∆ is Q-Cartier, and a is a nonzero ideal on X. Suppose also that we are given a model of (X, ∆, a) over a finitely generated Z-subalgebra A of k. Under these hypotheses, we need to show that there exists a Zariski-dense set of closed points S ⊆ Spec A such that (5.3.1) τ (X s , ∆ s , a λ s ) = J (X, ∆, a λ ) s for all λ ∈ R ≥0 and all s ∈ S.
Since proving Conjecture 1.3 for (X, ∆, a) is equivalent to proving it simultaneously for all (U i , ∆| U i , a| U i ), where X = i U i is a finite affine open cover of X, it is enough to consider the case when X is affine. Likewise as in Remark 1.2 we may assume that k is algebraically closed since the formation of the multiplier ideal commutes with field base change. Arguing exactly as in [MS10, Proposition 4 .3], one may also assume that a = f is a principal ideal. Now, let α : W − → X be a finite cover from a normal W such that α * (K X + ∆) is an integral Cartier divisor. After possibly enlarging A, we may assume that α s : W s − → X s is a finite separable cover with W s normal and α * s (K Xs + ∆ s ) is Cartier for all closed points s ∈ Spec A. Note that by Lemmas 2.3 (iii) and 2.9 (iii), J (X, ∆, f λ ) = J (ω X , K X + ∆, f λ ) = Tr W/X α * J (ω W , α * (K X + ∆), f λ ) , τ (X s , ∆ s , f . Since α * (K X + ∆) (resp. α * s (K Xs + ∆ s )) is Cartier, by Lemma 2.3 (ii) (resp. 2.9 (ii)), we can pull it out from the multiplier (resp. test) module. In particular, instead of showing (5.3.1), it suffices to prove that there exists a Zariski-dense set of closed points S ⊆ Spec A such that (5.3.2) τ (ω Xs , f λ s ) = J (ω X , f λ ) s for all λ ∈ R ≥0 and all s ∈ S.
2 As the smallest nonzero submodule of ωX stable under Tr e (F e * f ⌈a(p e −1)⌉ ) for all e > 0.
